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How was HW1

A With a show of hand, which one best applies to you:
1. It was smooth sailing through things | knew; my hamster nearly finished it.
2. it was familiar stuff but | had to learn or refresh a few things.
3. It was like shoveling snow in the middle of a blizzard, it just kept getting worse
4. It was so challenging, it felt like climbing Mount Everest with slippers on.



nCan | use external | 1 br ar |

A Use the basic Python functions (no external libraries), unless explicitly specified.
Aln almost alll pl aces, youoOr e-4hnestofcede.pect ed

[ 1 # a function-that -resturns-the top k™ ‘most-similar -words-to- input word"
def my most similar(input word, k):
words = embeddings.vocab.keys() # list of words covered by this word embedding
input word_emd = embeddings[input_word]

### START CODE HERE ###
### END CODE HERE ###

return top _k most_similar words

my most similar('cat', 10)

o ) 3



n | canot l nst al | e . 0

Al't may be frustrating to deal with s

ABut itdés [going to be] part of your |j
A Embrace it! &)



HW?2 is released

A Have you seen it?

A Due next Tuesday noon.
o Feels like a long time away?
oités due in 120
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Recap: Language Modeling

A Language Modeling: estimating distributions over language.

A One approach we previously saw: counting word co-occurrences.
0 Pro: easyd justcount!
o Con: difficult to scale to longer context due to the sparsity challenge.

A Another approach:
0 Using alearnable function that can estimate word transition probabilities.
A Now: What are these learnable functions and how can we train them.
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Neural Networks: Chapter Plan

1. Defining neural networks (feedforward nets)

2. Neural nets: brief history

3. Algebra background for training neural nets

4. Training neural networks: analytical backpropagation
5. Backprop in practice

Chapter goal: Get comfortable with thinking, designing and building neural networks
0 very powerful modeling tools.



Feedforward

Neural Nets




Neural Networks

A What are neural networks?
o Functions that take an input and produce an output.

Video N N Caption Text
Game N N Action
state

A What is inside this box?
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What 0s I nsi de Neur al N €
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~ | know a guyﬂvhéqows a guy




Feedforward networks

A This is a particular class calledfi f e e d f onetwosks. d 0
o Cascade neurons together
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Feedforward networks

A Inputs multiplied by initial set of weights
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Feedforward networks

Alntermedi ate fipredictionso computed at fi
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Feedforward networks

A Intermediate predictions multiplied by second layer of weights

A Predictions are fed forward through the network
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Feedforward networks

A Compute second set of intermediate predictions
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Feedforward networks

A Multiply by final set of weights
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Feedforward networks

A Aggregate all the computations in the output
A e.g. probability of a particular class
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Feedforward networks

A All the intermediate parameters are ought to be learned.

Lo
L1

)

Lp

e JOHNS HOPEINSG
1“1.'. d

E
| —
®©

Q@
O
+
(7))}
]

e

2
=

E
S
®©

Q
O
+—
)]
i)

e

2
=

S 8 8

[Slide: HKUST]

E
| -
@©

Q
O
)
(7))
)

C

D
=

18



Feedforward Neural Network

A Neural Networks are functions!

o Function classfor approximating real-valued, discrete-valued and vector valued

target functions.

o. .00 L whereL [rip] ,ora and L [rip] Rrip}

A Example: A 2-layer neural network

A The input, hidden and output variables are
represented by nodes

A The links are the weight parameters

A Arrows denote direction of information flow
through the network

E-N i
e JOHNS
-

input layer

hidden layer

output layer
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Neural Network: Making it bigger

Add more layers, or wider layers!

A 2-layer neural network A 3-layer neural network

output laver .
input layer input layer
hidden layer hidden layer 1 hidden layer 2

551 JoHNS HOPKINS
v
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Feedforward Neural Network: The Neurons

AA mat hematical m @aereeptronod. neur on
A ltconsistsofanon-l i near function that
the affine (linear) function of inputs is above a threshold. output layer

input layer

N
y= 0 b + z W; X

i=1 >y
. (Q) (sigmoid function)

@ o 21



Feedforward Neural Network: The Neurons

ASigmoid is a fisquashingo fun
o It maps small inputs to zero.
o It maps large inputs to one.

N
y=o0 b+zwixi
i=1

» (Q)

(sigmoid function)
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Other Activation Functions

Sigmoid

o(z) =

tanh
tanh(x)

RelLU
max (0, x)

| |
| = =
= 15 )
1)

s = 5 ‘\_‘
- = =
© 5] [S]

Does not always
have to be a
squashing function

LeakyReLU |
max(0.1z, x)

Maxout
max(wi z + by, wl z + by)

ELU |
T x>0
a(e‘” — ].) r<0 - i 10

We will talk about their pro/cons later!
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Terminology: Multi  -Layer Perceptron (MLP)

A Multi-layer Perceptron (MLP):

o A feedforward network with
perceptron as its nodes.

A A feedforward network does not output layer
have to be an MLP. input layer

0 But people sometimes use the names
interchangeably! ¥

hidden layer

A The original MLP [McCullocli Pitts] was based
on At hreshol do acti vat

24



Formally Defining a 2 Layer Network

A Example: A 2-layer MLP network
A The input, hidden and output variables are represented by nodes s output layer

A The links are the weight parameters hidden layer
A Arrows denote direction of information flow through the network

M) © QOO oNa ,ON A

"@0) [, (@) h, (¢ )] (nonlinearity) , (&)

(sigmoid function)

Aw nNag anad N9 are the parameters that need to be learned.
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Quiz Time (1)

A What is needed to fully specify a neural network?
1. Architecture (which input goes through what function etc.)
2. Parameters of the function (the weights)
3. Both

26



Quiz Time (2)

A Which of the followings has more parameters?

N/

AA
(X
XU/
«
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0
=0
output layer

. output layer
input layer input layer

hidden layer hidden layer 1 hidden layer 2
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Quiz Time (3)

A Given an input to these models, which of them take
longer to compute an output?

S
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P
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A

‘ output layer
output layer '
input layer input layer

hidden layer hidden layer 1 hidden layer 2
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Why Add Non -linearity?

output layer
input layer
hidden layer

A Without non-linearity, the overall model amounts to a linear model.

"(0) mw"@) W ®WO o (alinear function) L
[
[ ]

drop™Q . Se, °
- - - ._
A A linear function cannot approximate complex tasks. e % e
® o
) L

A Non-linearity adds capacity to the model to approximate

Cannot separate red

any continuous function to arbitrary accuracy and blue points with
given sufficiently many hidden units. linear classifier
ASeeffuni ver s al approximation theor emo

=

'R 29


https://en.wikipedia.org/wiki/Universal_approximation_theorem

Universal Approximation

A An MLPcan represent any function , with enough expressivity.

N AN
VA A

A

3 11

ST Maiorové& Pinkus. Lower bounds for approximation by MLP neural networks, 1999. 30



Quiz Time

A What makes neural networks expressive functions?
1. Activations (non-linearities)
2. Depth (number of hidden layers)
3. Width (number of variables in each hidden layer)
4. All the above

31



Demo time!

A Link: https://playground.tensorflow.org/

557 JOHNS HOPKINS
1rf : 1
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https://playground.tensorflow.org/

What is a good architecture? Depth vs. Width

A Architectural parameters of a neural network

affect its capacity to learn.
0 Deep vs. wide

( X—)
Y2 Y
A Ay AN

/e
4%“".0.“‘42‘5

SR ~.,v' X

E-N i
e JOH NS
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Depth vs Width on Boolean functions

A An MLP is a universalBoolean function.
A Ashallow (single hidden layer) is a universal Boolean machine
o But it may require an exponentially large  number of units.

A Deeper networks may require far fewer neurons than shallower
networks to express the same function
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Depth vs Width on Boolean functions

A Theorem: There are certain class of functions with ¢ inputs
that can be represented with deep neural network with 0 €
units, whereas it would require 0 ¢ units for a shallow
network.
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_ Hastad, Almost optimal lower bounds for small depth circuits, 1986.
W JorS Horns Delalleau & Bengio. Shallow vs. deep sum-product networks, 2011.



Summary

A An MLP is a universal function

A But can represent a given function only if
o It is sufficiently wide
o Itis sufficiently deep

o0 Depth can be traded off for (sometimes) exponential growth of the width of the
network

A Optimal width and depth depend on the complexity of the problem.

A Next: A bit of history.

36



Neural Nets:
Origin and History




Artificial Neurons: An Inspiration from Nature

A A single node in your neural network
0 Accept information from multiple inputs

o Transmit information to other neurons S
. A . . . . input layer .
AA neuronod6s function is I1nspire hidden layer bi
o Apply some function on inputs signals
ol f output of function over threshold, ne
impulses carried x wo
toward cell body p——
branches WoTo
dendrites ( Y/ of axon
\ cell body i (Zwizi 4 b)

7o ;:. P Zwlwz +b

termina

output axon

activation
function

nucleus

impulses carried

away from cellbody ¥
cell body ”



Artificial Neurons: Not Quite Analogous to Nature

.....

-----

Biological neurons:

complex connectivity

“x‘ 1."“,’/” ¥ ot ,."L‘. 4"" [

Neurons in an artificial neural network:

organized based on a highiggular
structurefor computational efficiency

"\,
‘ output layer

hidden layer 1 hidden layer 2
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Very Brief History of Neural Networks

ok bR

Single-layer neural networks (1943-1969)

Symbolic Al & knowledge engineering (1970-1985)
Multi-layer NNs and symbolic learning (1985 1995)

Shallow statistical learning/probabilistic models (1995-2010)
Deep networks and self-supervised learning (2010-?)

40



Very Brief History of Neural Networks

ok bdhE

Single -layer neural networks (1943 -1969)

Symbolic Al & knowledge engineering (1970-1985)
Multi-layer NNs and symbolic learning (1985 1995)

Shallow statistical learning/probabilistic models (1995-2010)
Deep networks and self-supervised learning (2010-?)
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A Neuron as a Mathematical Model of Computation

A McCulloch and Pitts (1943) showed how linear threshold units can be used to
compute logical functions

ry p— ah XO_ 1 The “bias”, a constant term that does

~_ / N e - not depend on any input value
[T BT & —a
\ Toyel 0.1 1,1 0
N ( . ) (o ) W,
€T ’ S~ E . ¥
.'-__.1'1+.I‘g:9: 1

OR function 1 if net=0
-1 if net<0

n

net = E W, X, o =sgn(net) = {
i=0

2
T+ a0 = Z"*'f > (0,0) (1,0) 1
=1

Notice the step function (threshold)!
%AOI U I TAAI O AEAT 6

Ve

AAn alternative model of computation

"['I'II HMS H 8 \ [



https://www.cs.cmu.edu/~./epxing/Class/10715/reading/McCulloch.and.Pitts.pdf

Perceptron Learning Rule s imitating Natureos Le

A Rosenblatt (1959) developed the Perceptron algorithm 8

0 An iterative algorithm for learning the weights of a linear threshold unit
Input Weight

le% Activation Output
Function
sum _~.|:_ > &

A A single neuron with a fixed input, it can incrementally change weights and learn to
produce a fixed output using the Perceptron learning rule.

A Update each weights by: W =w +/(t- 0)X

t: the target value

&3 loHNS H 3
. [ e[ LAl 1€ i ati Ade and _,qq i e brai A C d 43



https://www.ling.upenn.edu/courses/Fall_2007/cogs501/Rosenblatt1958.pdf

QUiZ (1): Understanding Perceptron Update Rule

A Supposetheinputsw N {mtp}and— p. | f L T Utdegactly mdtches the target
value 0, How would the update rule change the weights?

1. Would increase them
2. Would decrease them
3. Would not change them

W =W +A(t- o)X

.’Elo—p@“ Activation Output
Function
T2 C) Sum _\J: ’
— €&




QUiZ (2): Understanding Perceptron Update Rule

A Supposethe inputsw N {rtp}and— p. | f L T Wdisssmaller tham the target
value 6, how would the update rule change the weights?

1. Would increase them

2. Would increase the weights for active inputs

3. Would decrease them

4. Would not change them

, | , W =W +/(t- 0)X

A After this update, the new output € would be:
1. Larger -~
2. Smaller mo—»[)—, Funcion P

3. Unchanged 5520_’@_’ Sum _\_.:_’

€




Perceptron: Demise

Perceptrons

A Perceptrond ( 1969) b yPapértitiusnikated a n d
few limitations of the perceptron.
A It showed that:

o Shallow (2-layer) networks are unable to learn or
represent many classification functions (e.g. XOR)

o Only the linearly separable functions are learnable.

A Also, there was an understanding that deeper networks
were infeasible to train.

AResul t: research on NNs dissipated

[ e 1
£ |

&7 JOHNS HOPKINS [slide: Ray Mooney] 40



Very Brief History of Neural Networks

a >k

Single-layer neural networks (1943-1969)

Symbolic Al & knowledge engineering (1970-1985)
Multi-layer NNs and symbolic learning (1985 1995)

Shallow statistical learning/probabilistic models (1995-2010)
Deep networks and self-supervised learning (2010-?)
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Very Brief History of Neural Networks

a >

Single-layer neural networks (1943-1969)

Symbolic Al & knowledge engineering (1970-1985)

Multi -layer NNs and symbolic learning (1985 -1995)
Shallow statistical learning/probabilistic models (1995-2010)
Deep networks and self-supervised learning (2010-?)
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Neural Networks Resurgence (1986)

I

Alnterest in NNs revived in the mid

A Backpropagation algorithm was [re-]introduced for training three -1 ay e r
oGeneralized the iterative dahill

multiple layers, but no convergence guarantees.
what was possible what became possible
Oi OOAET EI Xi ¢80 O OOAEI OEA

A\
0

RO

L

®

output layer

input layer
hidden layer hidden layer 1 hidden layer 2

ﬁr"‘llu::\'\-::'““ [Learning representa ,
. for a broader context, seéritp://people.idsia

c |

198060s
NNOs.

I mbi ng
"0 ET Xi

output layer
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https://www.nature.com/articles/323533a0.pdf
http://people.idsia.ch/~juergen/who-invented-backpropagation.html

Second NN Demise (1995 -2010)

A Generic backpropagation did not generalize that well to training deeper networks.
o Overfitting / underfitting remained an issue.
o Computers were still quite slow

A Little theoretical justification for underlying methods.

A Machine learning research moved to graphical/probabilistic models and kernel
methods.

v ; [slide: Ray Mooney]
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Very Brief History of Neural Networks

O s b PkF

Single-layer neural networks (1943-1969)

Symbolic Al & knowledge engineering (1970-1985)
Multi-layer NNs and symbolic learning (1985 1995)

Shallow statistical learning/probabilistic models (1995-2010)
Deep networks and self-supervised learning (2010-?)
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Very Brief History of Neural Networks

O s b PkF

Single-layer neural networks (1943-1969)

Symbolic Al & knowledge engineering (1970-1985)
Multi-layer NNs and symbolic learning (1985 1995)

Shallow statistical learning/probabilistic models (1995-2010)
Deep networks and self-supervised learning (2010-?)
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Very Brief History of Neural Networks

a >

Single-layer neural networks (1943-1969)

Symbolic Al & knowledge engineering (1970-1985)
Multi-layer NNs and symbolic learning (1985 1995)

Shallow statistical learning/probabilistic models (1995-2010)
Deep networks and self  -supervised learning (2010  -?)
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Deep Learning Revol ut

A Various successes with training deep neural works.

o Convolutional neural nets (CNNs) for visiond 2012 AlexNet showed 16% error
reduction on ImageNet benchmark.

0 Rise of deep reinforcement learning for gamesd AlphaGo beat human players.
2012 ImageNet Challenge
A (top-5 error)

34.5%

29.6%
207 26,29, 21.0% 2t1%

IUn:v. Amsterdom

OXFORD_V&6
XRCE/INRIA

oy
ol
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Deep Learning Revol uti c

A Various successes with training deep neural works.

o Convolutional neural nets (CNNs) for visiond 2012 AlexNet showed 16% error
reduction on ImageNet benchmark.

0 Rise of deep reinforcement learning for gamesd AlphaGo beat human players.
ML+AI arXiv papers per month

arXiv 4000
papers

per month 2000

2000

1000

Figure credit: P

https://twitter.com/MarioKrenn6240/status/1314622995139264517 1994,01 2007.01 2020.09 55



https://twitter.com/MarioKrenn6240/status/1314622995139264517

eep Learning Revol ut.

A The success continued enabled by 3 forces:
o Availability of massive [unlabeled] data 0 the data on Internet.
o Faster computing technologiesd specialized hardware (e.g., GPUS)
o Algorithmic innovations 6 architectures, optimization, etc. Output

Probabilities

[_Add & Norm ]
Feed
Annual Size of the Global Datasphere Forward
P 17528
Add & Norm
(_Add & Norm |
Add & Norm Muit-Head
Feed Attention
Forward ;] Nx
Nx Add & Norm
Add & Norm N el
Multi-Head Multi-Head
Attention Attention
_ J —
Positional E d Positional
Encoding ¥ Encoding
Input Output
Embedding Embedding
&7 JoHNS HOPKINS T T
1.l.r'. J Inputs Outputs 56

(shifted right)
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Very Brief History of Neural Networks

a >

Single-layer neural networks (1943-1969)

Symbolic Al & knowledge engineering (1970-1985)
Multi-layer NNs and symbolic learning (1985 1995)

Shallow statistical learning/probabilistic models (1995-2010)
Deep networks and self  -supervised learning (2010  -?)
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ow | St

1 The “bias”, a constant term that does

/ not depend on any input value

Wo
I if net=z=0
-1 if net<0

n
net = E WX, o =sgn(net) =

=0

= | i il
JOHNS HOPEINS
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Summary

A Neural networks have been long in the making since 1950s.
Altos a remarkable journey of science

A Next: How do you train NNs? We will start with some algebra refreshers.
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Background for Training NNs

The Refreshers¥




Machine Learning Problems

A Training data: Given a set of inputs and output labels:

o Inputs: ® (wh8 hw)

o Outputs: ® (W ho)
A Goal: Find a function "Qai}— with parameters —that maps inputs in & to output to
A Empirical risk: measure the quality of the predictions with a loss function:

Ve S 56 Moo

oy
. |
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A Special Case: Linear Regression

A Training data: Given a set of inputs and output labels:

o Inputs: ® (wh8 hw)

o Outputs: ® (W ho)
A Goal: Find a linear function "fai}) —&b that is best predictive of observations
A Empirical risk: measure the quality of the predictions with a loss function:

15

\_JE:;

-10

What are good choices
for loss function?

=1.5

&3 1o0ns H 15 -10 -05 00 05 10 15
-« 63



Quiz: Loss functions

A Remember the objective function of our learning problem:

(- TE@o Mo

™|

A Which of the followings is a more reasonable loss function J%ah) )?
1. If aand 0 are far apart, the loss value should be higher
2. If aand 0 are far apart, the loss value should be lower
3. Neither

oy
. |
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. oss Functions

A The choice of loss function depends
on the problem

rIE rl" r)

(w0 o
[ "R AR ARAS

=
P
-l

Regression

Mean Squared
Error (MSE)

Mean Absolute
Error (MAE)

Root Mean
— Squared Error
(RMSE)

Mean Bias Error
(MBE)

— Huber Loss (HL)

Classification

Binary

Likelihood Loss
(LHL

Binary Cross
Entropy (BCE)

Hing Loss and
Squared Hing

Loss (HL and SHL)

Multinomial

Classification

| | Categorical Cross
Entropy (CCE)

| | Kullback Leibler
Divergence (KLD)



Quiz: MSE vs. MAE loss

, MSE: ch) (o o)
A Remember MSE and MAE loss: S, , ,
MAE: /o) 0 uB

1. Which visualization corresponds to which loss?

£3,y) £, y)
M A

——

y y
2. Which loss is more sensitive to outlier data (noisy outputs)?
3. Which loss is more difficult to compute gradients for?

o 60



. oss Functions

A The choice of loss function depends
on the problem

”5 rl" r)

(w0 o

[ "R AR ARAS

Regression

Mean Squared
Error (MSE)

Mean Absolute
Error (MAE)

Root Mean
— Squared Error
(RMSE)

Mean Bias Error
(MBE)

—{ Huber Loss (HL)

Classification

Binary

\\ﬁ—

l“‘—"'i"‘-—\m—

— Squared Hing

Likelihood Loss
(LHL

N\

1

l% Binary Cross ,l
4

Entropy (BCE)
04

Hing”gss and

Loss (HL and SHL)

Multinomial

R
¢

Classification

Entropy (CCE)

s

L 2

Categorical Cross
V4
e

Kullback Leibler
Divergence (KLD)

3
\—’/
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Loss Functions: Cross -Entropy

n
A A binary classification example: Without loss of generality: 2(y,y) = — Z yjlog(j’/})
o Gold labels:w  phmt (i.e., first class is correct) 7

o Predictions: @ [fp 0]
Summation over the
ACEloss:/lch)y p 1T IC mm 1 1(& 1) e dimensions of «
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Quiz: CE for Binary Classification

n
A A binary classificfation (?xample:_Without Ipss of generality: {(y, y) = — Z yjlog(j/})
o Gold labels:w pht (i.e., first class is correct) 7
o Predictions: @ [fp 0]
Summation over the
ACEloss:/lch)y p 1T IC mm 1 1(& 1) e dimensions of «

A Question 1: Why the negative sign?
A Question 2: If the model prediction is miraculously accurate (1) p), what is CE loss?
A Question 3: If the model prediction is embarrassingly off (1} 1), what is the CE loss?

69



Cross-Entropy Over Next -Word Distribution

brob

n
= J

0
_ 1
Language o — 0
MOdeI desk .'—l 8
chair ac Summation over the
CC dimensions of «

A Suppose for a fixed Qo p.

A Question: Then CE is the probability is? é.
o It is the probability that our language model assigns to the @ term.

=1
o 70



Machine Learning Problems

A Training data: Given a set of inputs and output labels:
o Inputs: ® (wh8 hw)
o Outputs: ® (W ho)
A Goal: Find a function "Qai}— with parameters —that maps inputs in & to output to

A Empirical risk: measure the quality of the predictions with a loss function:

Ve S BN

A Machine learning as optimization:

A~ T How do you solve this
A O C IuB) 4 optimization? J

oy
. |
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Gradient Descent

A We have a cost function (= we want to minimize
0 We can use Gradient Descent algorithm!

A ldea: for current value of —- calculate gradient of o(—, then take small step

in direction of negative gradient. Repeat. cost
A

Learning step

Minimum

A Note: Our objectives may not be
convex like this. But life turns out to be okay!

Random
initial value

D>

E-N
L ]

W T s ' 72



Gradient Descent (1):  Intuition

Al magine youdr
A Need to walk down a hill

A You can use your hands
to find the directions
that may be downhill

53 JoHNS HOPKINS
=R [slide: AndreKarpathy] 73



Gradient Descent (2):  Intuition
1o . U— "9 0—
5

A In 1-dimension, the derivative of a function: T_ |O i

A Gradient is the vector of derivatives: 1 0 [—FB ﬁ—]

A Gradient descent involves iterative steps in in direction of negative gradient.

A Question: Why step in direction of negative gradient?

o Gradient quantifies how rapidly the
function 0 — varies when we change tangent line

the argument — by a tiny amount.

slope= f'(x)




Gradient Descent (3)

A Iteratively subtract the gradient with respect to the model parameters ( —

ﬁ | = Step size or learning rate ]

— N __ |r1L’)_
N o
AWedre moving in a direction opposite
Al .e., wedre movingb—+owards small er| |

i while True:
A InPyTorch theta grad = evaluate gradient(J,corpus,theta)
theta = theta - alpha * theta grad

o &



Gradient Descent (4)

A Update equation (in matrirotation):

e = 90! — aVeJ (0)

53 JoHNS HOPKINS
S . [demo credit: ICMS YouTube channel]
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Gradient Descent: Setting the Step Size

A What is a good value for step size| ?

Too low Just right Too high

o If| too small, it may be too slow . TN f 1©) ﬂ\;
. . \ \ / \ {
o If| too large, it may oscillate \ / \ /

\ / \

\ \ /. \\ /
S\

A small learning rate
requires many updates
before reaching the

The optimal learning
rate swiftly reaches the
minimum point

Too large of a learning rate
causes drastic updates
which lead to divergent

minimum point

A 1t may take trial -and-errors to find the sweet spot.
A

Anot her trick iIis to define a Ascheduleodo for
a large number.

behaviors

E-N
L ]

W e, ' [figure from:https://www jeremyjordan.me/nalearningrate] ”

{®)


https://www.jeremyjordan.me/nn-learning-rate/

A Typical Learning and Evaluation Protocol

— @@ 0=

Training data
0 (@)

— @@ 0=

Held-out validation data

0 (@Rs)

— @ 0=

Testing data

Model Hypothesis Class
ORI }

1

Overall training: picking
the best function®®

Each choice of A
parameters in neural
networks correspond
to another function.

J

l

Training is to pick th@
function given the
observed data.

Lo i@R)

Evaluation on test set:

Any  [UBROMD)]

J
. )
Testing is t predict the

quality of the best

selected function

J
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Summary Thus Far

A A statistical learning problem can be formulated as an optimization problem.

A The objective of this optimization consists of:
0 Learning data (input/outputs)
o Predictive model architecture (encoding how an input gets mapped to an output)

o Loss function (quantifying quality of predictions)

A Soon, we will use see how to use Neural Nets as the predictive model.
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Algebra Refresher
(Needed for Backpropagation)

80



Derivatives

AFirst |l etds get the notatidon rigrl

A The arrow shows functional dependence of don @ i
l.e. given ) we can calculate a. 0T
o For example: a w CW W

e o

A The derivative of @, with respectto 1 = —

81



Quiz time!

Alf @ aftd & @ what is the following derivative — ?

7. — U@
2 — v
3 — ¢cny

4. None of the above

82



Gradient

A Givenafunctionwith 1output and¢ inputs

@) W6 o B Fy ) v A

w W 8 w

A Its gradientis avector of partialderivativeswith respectto eachinput

Vi) =

_a_f_
axl
of

axz

or

[0 X

€ R"

(always assume vectors are
columnvectorh E8A8lm OQEAL

83



Quiz time!

Alf d aftd & @ what is the following gradient n¢r?

1.

2.
3.
4

g o TW®

naaw Lo T@d)
naoy UM ®)
None of the above

84



Jacobian Matrix;: Generalization of
the Gradient

A Givenafunctionwith m outputs andn inputs

~

)  ['QAdhd B o )B FQ(who B ho)] v

A) Qdécabian imnm x n matrix of partial derivatives{&(®)  —

Oh . Oh]
d0xq 0x,

Je(x) =| ;| e R™X
| 0x¢ 0xp .

85
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Qui z: Jacobiands speci &

A Remember Jacobians:

K)o ho B ho ) FQ(who B )] N 5

ofh ... SN

0xq 0xn df;
Je(x) = ¢ .t |eR™M or (Ji(x),, =t

Ofm fm ij 0xj

0xq 0xn

A When m=1 (scalar-val ued function), Jacobian reduce

N o) (gradient transpose)
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Qui z: Jacobiands speci &

A Remember Jacobians:

K)o ho B ho ) FQ(who B )] N 5

on .. %

0xq 0xn df;
Je(x) =| : e R™" or (Ji(x), ==+

fm . m v

0xq 0xn

A When m=n=1 (single-var i abl e function), Jacobian r ec

the derivative of "H

87



Jacobian for Matrix Inputs

A Givena function with O outputs and = wsinputs ;

X11 X1p
£fX) = [X), .., fn(X)] € R™, whereX=| | =~ | [eRrw®
_‘xnl coe xnp-
A Jacobianisal & 1 tensor (i.e., matrix of matrices) of partial derivatives:
v rQ
(ﬁ@ﬂ)) T

A The dimension of the Jacobian:= output dim x input dims.
A The Jacobian math holds if you keep adding more dimensions to the input or output.

oy
. |
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Why Use Matrix/Tensor Form?

Y

In essence, matrix form (multi-variate calculus) is just an extension of single-
variable calculus. : . :

s

L :
#

"Two reasons: ,,
o Compact derivations: with matrix form calculations we can compute a
concise statements.

P

o Implementing algorithms in matrix form is much faster.
o . GPUs are optimized for VERY FAST matrix/tensor operations.




Chain Rule

AFunction composition:

a2 @) §(d(6))

()

wis a function ofy then

If &is a function ofy and
ais a function ofy as well.

|

Then: aZ aZ ay

0x 0y ox

W

90



Chain Rule for Multivariable Functions

AletoNa ,da 2 a ,’da © s H
A Composing them: "H™Ho) “HHO))dg © = gy
The result looks similar to the single-variable setup: o

0)  BTHO ) B(0)

Note, the above statement is a matrix multiplication!
Function "H "Hhas m outputs and dinputs Jacobi anmByddi ms

91



Quiz Time!

LetwN A,009 © 9 ,0da © s

What is the Jacobean of @z 6(0) & ()M hw () ?
1. €50 £(0w) &W

2.8.5(@) |—r8h—|[—m ]

3. € zé((l)) B -

4. All the above!
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Summary

A We reviewed lots of background about neural networks!
0 Linear algebra foundation
o Gradient descent
o Extending gradients to tensor form: Jacobians

A Next: training a neural net!
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Training Neural Networks:

Analytical Backprop




Recap: Multi -Layer Perceptron

"0 S v
i S Ve
I p f f

57 JoHNs H .
w [Slide: HKUST]



Recap: Multi

Lo

=
S
©
I &
@)
]
)]
T2 -
=
@
Irp ;

557 JOHNS HOPKINS
v

-Layer Perceptron

E
| -
@©

Q
O
)
(7))
)
C
D
=

S 8 8

E
S
®©

Q
O
+—
)]
i)
e
2
=

[Slide: HKUST] 96



Training Neural Networks: Setup

A We are given an architecture though its weights f .
A We are given atraining data O 6 hw

A We are given aloss function /gg s © T1ip
o J¥u3 ) quantifies distance between an answer ¢f and prediction U . .(0IT)) 8 lower is better.

A Overall objective to optimize: fl(OIM ) Bioroyw /b (0T ) o

0 (bhohohd)N 5

U\
S

Weights to learn!

Weights to learn!

X
L

A}
B0 JoHNSs HOPRINS W

L
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Training Neural Networks ~ Optimizing
Parameters

flCOm )

A We can use gradient descent to
minimizes the loss.

A At each step, the weight vector is modified
in the direction that produces the steepest
descent along the error surface.

0 (bhohohd)N 5

w\ "
b

XU
\
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Training Neural Networks ~ Optimizing
Parameters

A
For each sulparameterw N 1 : fl(Om )

W W | ——

0 (bhohohd)N 5
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Training Neural Networks ~ Computing the
Gradients

< - fl
A How do you efficiently compute — for all parameters?

Altés easy to | eatasthestiaali hagerunit.
A How about the weights in the earlier layers (i.e., before the final layer)?

0 (bhohohd)N 5

ZXUA Y
2

100



Necessity of a Principled Algorithm for

Gradient Computation

A Depth gives more representational capacity
to neural networks.

A However, computing gradients for deeper
layers is not trivial and tedious.

A Even if we have analytical formula for gradient,
I f t hey 0r espacifig thay mesicbe u r
repeated for each new architecture.

AThe solution is fiBackp

je suis étudiant

étudiant | [EOS]

Decoder Layer

Softmax
Class
{  lnear ] —t—
I LAdd & Norm_J=~
Encoder Layer [ Encoder Layer ] \-b[ Decoder Layer 6 ] Feed
Forward
Class A
N [ ] L)l Decoder Layer 5 ] Add & Norm
Add & Norm + [} Muiti-Head
l Ft')::i\?gl'd I [ Encoder Layer ] ‘—)[ Decoder Layer 4 ]< Aﬂe;“on
ry N >[ Encoder Layer ] \—)[ Decoder Layer 3 ] [ Add & Norm ]‘“
dd & Norm * + Masked
Multi-Head Multi-Head
Attention [ Encoder Layer J \—h[ Decoder Layer 2 J Attention
) Y Y
———
[ Layer ] \—>[ Decoder Layer 1 ] —
Positional Posto al
Encoding 9 D ‘-r Encoding
Input Output
Embedding Embedding ‘
; t
1 ‘ am | a | student [BOS] | je ‘ suis étudiant
I am a student je suis étudiant

E-N
]
-

"

Architecture of the BERT model with over 24 layers and millig
of parameters? we will study get to this model in a few weekg




fl COM )

BP: Required Intuitions "
1. Gradient Descent
A Change the weights ] in the direction of 7
gradient to minimize the error function. .
7
> 1
_ T N
2. Chain Rule
A Use the chain rule to calculate the weights of the
intermediate weights /I\
N><7
3. Dynamic Programming (Memoization) N

A Memoizethe weight updates to make the
updates faster.
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A Generic Multi -Layer Perceptron

A Given the following definition: Q
/(’) i Na  (input) ) o

i QR i N a (hiddenlayefQm Q 0 p)

w ‘11 Nga (output)

fl Jbotuwy N a  (loss) f i
N J

A Trainable parameters: 1 {f W B M hl}




A Generic Neural Network: Forward Step

AGiven some [initial] values for the parameters, we
can compute the forward pass, layer by layer.

AForward pass is basicallyd matrix multiplications, each
followed by an activation function.

AMatrix multiplication can be done efficiently with GPUs.
ATherefore, forward pass is somewhat fast.

ACompl exity of f btneavd dedth p(&)s s




A Generic Neural Network: Direct Gradients

0O i Nga (input) W “I'i Nsa (output)
i QR i Na fl /et N s (loss) Q
(m Q0 p) A {f M Bm AL Ao

We want the gradients of fl with respect to model parameters.
Use the chain rule to simplify the following term:

g fl (BG )

T
(12 Ty (hy) T, (W) )




A Generic Neural Network: Direct Gradients

0O i Nga (input) W “I'i Nsa (output)
i QR i Na fl /et N s (loss)
(m Q0 p) A {f M Bm AL

We want the gradients of fl with respect to model parameters.
Use the chain rule to simplify the following term:

g fl (BG )

(1:0) Ty (00 Ty (B ) Ty, (Wi—))




A Generic Neural Network: Direct Gradients

0O i Nga (input) W “I'i Nsa (output)
i QR i Na fl /et N s (loss)
(m Q0 p) A {f M Bm AL i

We want the gradients of fl with respect to model parameters.
Use the chain rule to simplify the following term:

ol (&G D)

(1:0) Ty (00) Ty (By 1) o Ty o1 (Wi )




A Generic Neural Network: Direct Gradients

0O i Nga (input) W “I'i Nsa (output)
i QR i Na fl /et N s (loss)
(m Q0 p) A {f M Bm AL i

We want the gradients of fl with respect to model parameters.
Ay f (&G D) (BQEG)HE G ) 3 matrix J
multiplications

A i &@G D) (BOEGEIEGC & G ) 44mame
S

multiplication

Aé

Ang il @@ D)) (BOEG)HE G H8E (1) 6 _c_ma_trixJ
multiplications

In total, how many matrix multiplications are done here?

@WI®  ®E)  ©0) () iASH) [Cf‘h“aﬁlvfh?;’?gg“e

fJ




Caching Gradientsto Turn 0 (0 ) into 0(0)

ASuppose wedre computing:

o (BOEG)E G ) .

o (BOEGIE G DR G))

A Parameter gradients depend on the gradients of the earlier layers!

A So, when computing gradients at each layer, we donodot need
from scratch!

A | can reuse gradients computed for higher layers for lower
layers (i.e., memoization).




Caching Gradientsto Turn 0 (0 ) into 0(0)

A First, precompute these cache values:

( 0 (D) matrix }First layer: EWOE ()
_multiplications .~ gy psequent layers:) 1 & (i H)AQT Q0 p i
A Now, |l etds go back to tima?i‘;“r;‘;tig’r‘ls}dients:
v oo v g v yu Y One matrix
o (BOEGE G D) (& G I

)
o (BOEGEG D& G ) (& G )

e One matrix
multiplications

ol (BOEGHE G 8a G)) (& ()

In total, how many matrix multiplications are done here when using caching?

(A) 6(0) B)6(6) ©06@) (C)0(Agd)




Gradient: Local Grad + Upstream Grad

A Gradients at each layer computed by Q

T
VWL_iL = (6L—i+1 ]hL_i+1(WL—i))
Upstream gradient ~ We looku Local
from the layer above. Gradient

{ Let] denote Jacobian at the output of layép J

| AVGEED)
T & G )




A Generic Neural Network: Backward Step

A Backward step computes the gradients starting from the end to the
beginning, layer by layer.

A Start by computing local gradients: & @)
A Use then to compute upstream gradients| , then , then

A Use these to compute global gradients:ny fl

A Computational cost as a function of depth:
o With memoization, gradient computation is a linear function of depth ,
A (same cost as the forward process!!)
o Without memorization, gradients computation would grow quadratic with ,




A Generic Neural Network: Back Propagation

Initialize network parameters with random values
Loop until convergence 4 In practice, this step is donjk

Loop over training instances overbatchesof instances!

I. Forward step:
Start from the input and compute all the layers till the end (loss fl)

i. Backward step:
Compute local gradients, starting from the last layer
Compute upstream gradients] values, starting from the last layer
Use] values to compute global gradients n; (1] ) at each layer

li. Gradient update:
Update each parameter: A N | Ny fl




Summary

A Backpropagation: an algorithm for training neural networks.

A Using Dynamic Programming for efficient computation of gradients.

A Next: Backprop in real practice.
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Quick Pulse Check

A How is Backprop different from/related to Gradient Descent ?

0 Backpropagation is an algorithm used to compute the gradient of the
loss function with respect to each weight in the network.

o Gradient descent |, on the other hand, is an optimization algorithm
that uses these computed gradients to update the network's weights.

0 Basically, backpropagation provides the necessary gradients for gradient
descent to perform the weight updates.
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Demo Time!

A https://teachablemachine.withgoogle.com/

Class 1

Add Image Samples:

C &
Webcam Upload L.
Training
Train Model
Class 2
Advanced

Add Image Samples:

Ch &

Webcam Upload

Add a class

557 JOHNS HOPKINS
1rf : 1

Preview T Export Model

You must train a model on the left
before you can preview it here.
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Backprop In Real Practice:

Computation Graph




Computation Graph: Example

=

E,. JOHNS HOPK

real i ty,

1IN5

AddBias

Mult

neur al

AddBias

net wor ks

ar e

SoftMaxCrossEntropy

\

Loss[float]
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Backprop in General Computation GraE,?Qalamput

Sin

A What if the network does not have a regular structure? Same ideal

1. Sort the nodes in topological order (what depends on what)
o Cost: Linearin the number of nodes/edges.

Topologically
sorted graph

Unsorted graph

o ' 119




Backprop in General Computation Graﬁ?l!alamtput
&

A What if the network does not have a regular structure? Same ideal

E-N
=y

L

Sin

Sort the nodes in topological order (what depends on what)

Forward-Propagation:

o Visit nodes in topological sort order and
compute value of node given predecessors

o Cost: Linear in the number of node/edges

120



Sin

Backprop in General Computation Graﬁ?l!alamtput
&

A What if the network does not have a regular structure? Same ideal

E-N
=

L

Sort the nodes in topological order (what depends on what)

Forward-Propagation:

o Visit nodes in topological sort order and
compute value of node given predecessors

Backward-Propagation:

o Compute local gradients

o Visit nodes in reverse order and
compute global gradients using gradients of successors

o Cost: Linearin the number of nodes/edges.
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I Computation Graph:
el View inside each node |






Ol TAOMAAEANDG

Figure from AndreKamathy
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<

oL
0z

Upstream
gradient

Figure from AndreKamathy
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AR
Global or = &~ z
downstream .
gradients aL
% 0z
Upstream

gradient

Figure from AndreKamathy
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o
Global or = &> 2
downstream .
gradients oL
0z

Upstream
= "d .
gradient

Figure from AndreKamathy
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o
Global or = &> 2
downstream .
gradients oL
0z

B Upstream
/ gradient

Figure from AndreKamathy



Computation Graph: An Example
o) (@ @)d o
Evaluated at: (whohoh)  vhrhohg

o«
o«

Want: h

" In what order should
we process the
L forward step? P

129



Computation Graph: An Example
o) (@ @)d o
Evaluated at: (whohoh)  vhrhohg

f
+ X — >
I
————————————————————————————-
/In what order shoula

we process the
L forward step? P
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Computation Graph: An Example
o) (@ @)d o
Evaluated at: (whohoh)  vhrhohg

o«
o«

Want: h

" In what order should
we process the
L backward step? P
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Computation Graph: An Example
o) (@ @)d o
Evaluated at: (whohoh)  vhrhohg

f
+ X — >
I
G ——————————————————————
/In what order shoula

we process the
L backward step? P
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......

Remember this!]

sraph: An Example

o) (O ®)o o

Evaluated at: (whohoh)  vhrhohg

ISeee
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......

Remember this!]

sraph: An Example

o) (O ®)o o

Evaluated at: (whohoh)  vhrhohg
kg
g g »Cﬁ )
@g (@)
P

Introduce intermediate
variable names
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......

Remember this!]

sraph: An Example

U: Upstream
L: Local grad

o) (O ®)o o

Evaluated at: (¢ hoo hoo hoo )

AORNATEN

L U

vt hoig

(p p

grad
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......

Remember this!]

sraph: An Example

U: Upstream
L: Local grad

o) (O ®)o o

Evaluated at: (¢ hoo hoo hoo )

AORNATEN

vt hoig

grad
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Remember this!| U: Upstream grad

-,
o<
2 /s o y
Xa -
Rago S SR ar
= "4’ =
ents 8=
- |
y s
pl >~
-

L: Local grad
sraph: An Example

s | Evaluated at: (0o ho fy) v hofg
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......

Remember this!]

sraph: An Example

U: Upstream grad
L: Local grad

o) (O ®)o o

Evaluated at: (¢ hoo hoo hoo )

W 0 W
L U
L U

vt hoig
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Remember this!| U: Upstream grad
L: Local grad
G mT ~jraph: An Example
wer | Evaluated at: (W hohw)  uhrhoig
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>
X
<3 N <,
X
AR S
onts
y

______

U: Upstream grad

Rememberthis!] U Local arad
: Local gra

sraph: An Example

o) (O ®)o o

Evaluated at: (whohoh)  vhrhohg

0 W
L .U.
P G O
|L||U|
P O O
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Backprop via Computation Graph

Singlescalaroutput
<

A What if the network does not have a regular structure? Same ideal

Sort the nodes in topological order (what depends on what)

Forward-Propagation:
o Visit nodes in topological sort order and
compute value of node given predecessors
3. Backward-Propagation:
o Compute local gradients

o Visit nodes in reverse order and
compute global gradients using gradients of successors

E-N
=y

o ' 141



Summary

A Computation graphs:  directed graph where the nodes correspond to mathematical
operations.

0 A way of expressing mathematical operations.

A This allows generalpurpose implementation of Backprop to any form of networks
(not just multilayer perceptron). 7
oThis is why n practice you dondt neel*“to

A Next: Implementing Backprop yourself + industrial software libraries.
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Backprop via

Automatic Differentiation




How Should We Implement BackProp ?

A The computation graph makes it easy to backpropagate all the way

/[ Remember this!]

A We need to implement: G \
0 The nodes are the values (tensors) AN
o Edges define how the values (tensors) ool [ &

get propagated. s A\ %

ALet 8s think about hoVvw—mrro .\,‘m./mp
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The Nodes

0 The nodes are the values (tensors)

A They store value, gradients and references to
the functions that created them.

class Tensor:
def __init__(self, value, requires_grad=False):
self.value = value
self.grad = 0
self.requires_grad = requires_grad
self._backward = lambda: None
self._prev = set()

E-N i
e JOHNS
-
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The Nodes

class Tensor:

def

__init__ (self, value, requires_grad=False):

self.value = value # Store the value of the tensor

self.grad = @ # Gradient initialized to zero
self.requires_grad = requires_grad

self._backward = lambda: None # Function to compute gradient

self._prev = set() # Track previous nodes for backpropagation

# Creating tensors
= Tensor(3.0, requires_grad=True) <<£ Now you can ]

y = Tensor(2.0, requires_grad=True)

I' )

define tensors!!

|" 1||\ai1n RIS
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What we actually want to run

I
# Creating tensors

x = Tensor(3.0, requires_grad=True)
y = Tensor(2.0, requires_grad=True) What portion of this is
defined so far?

# Forward pass

z = multiply(x, y) # z = x * y
w = add(z, y) #w=2z+y
o = relu(w) # 0 = RelLU(w)

# Backpropagation
o.backward()

# Print gradients
print(f"x.grad: {x.grad}") # Should be y.value if RelLU is active
print(f"y.grad: {y.grad}") # Should be x.value + 1 (from addition)

557 JOHNS HOPKINS
1rf : 1
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class Tensor: //fi_;i — N\

- . G~
def __init__ (self, value, requires_grad=False): Sh o
ey o 1 s
self.value = value # Store the value of the tensor| Setder & == f 2
self.grad = @ # Gradient initialized to zero je—— %; %;
. . y | L
self.requires_grad = requires_grad &‘ff;, 3 Upstream
~ {u} = S e
gradient

self._backward = lambda: None # Function to compute\&¥ -
self._prev = set() # Track previous nodes for backpropagation

S/

P —— __'We also need to define the backward ster

"""Computes gradients using reverse-mode automatic differentiation."""

# Initialize gradient to 1 if this is the final output node

if self.grad == 0:
self.grad = 1

# Topological ordering of nodes using depth-first search
topo_order = []
visited = set()

qll" I J|.|I H ERARI 148



def backward(self):

"""Computes gradients using reverse-mode automatic differentiation."""

# Initialize gradient to 1 if this is the final output node

if self.grad == 0:
self.grad = 1

# Topological ordering of nodes using depth-first search

topo_order = []
visited = set()

def build_topo(node):
if node not in visited:
visited.add(node)
for parent in node._prev:
build_topo(parent)
topo_order.append(node)

build_topo(self)
# Reverse iterate for backpropagation

for node in reversed(topo_order):
node._backward()
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Defining Operation Nodes

def multiply(a, b):
"""Multiplication operation."""

out = Tensor(a.value * b.value, requires_grad=(a.requires_grad or b.requires_grad)

def _backward():
if a.requires_grad: /[ Local grad ]

a.grad += b.value * out.grad f % = N\
. . &% iy
if b.requires_grad: Upstream ] &/ 2 /&
e TR s 3
b.grad += a.value * out.grad Rcnme oo M -
gragients 3 i
] A ]
out._backward = _backward =, S N\ 7 Upstream
= ‘*/"/ ” S gradient
out._prev = {a, b} k >
return out
'r;'?} JOHNS HOPKINS
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Defining Operation Nodes

def add(a, b):

"""Addition operation.

out = Tensor(a.value + b.value, requires_grad=(a.requires_grad or b.requires_grad))

def _backward():
if a.requires_grad:
a.grad += out.grad
if b.requires_grad:
b.grad += out.grad

out._backward = _backward

out._prev = {a, b}

return out

[ e | ¥ I
e [OHNS HOPEITNS
v

Upstream

)

Where is the
local grad®®)

|

gre

ents

L]

‘3L

Upstream
gracient
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Defining Operation Nodes

A Operations (define how it propagates forward/backward) are also nodes!

Upstream

oy
b |
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