
Transformer Architecture

CSCI 601-471/671 (NLP: Self-Supervised Models)

https://self - supervised.cs.jhu.edu /sp2025/
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RNNs, Back to the Cons

ÁWhile RNNs in theory can represent long sequences, they quickly 
forget portions of the input.

ÁVanishing/exploding gradients 

ÁDifficult to parallelize 

ÁThe alternative solution we will see: Transformers! 
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Language Models: History Recap

ÁProbabilistic n-gram models of text generation [Jelinek+ 1980ôs, é]

o Applications: Speech Recognition, Machine Translation

ÁStatistical or shallow neural LMs (late 90ôs ïmid 00ôs) [Bengio+ 2001, é]

ÁRecurrent neural nets (2010s)

ÁPre-training deep neural language models (2017ôs onward):

o Many models based on: Self-Attention
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Chapter Plan 

1. Self-Attention module 

2. Transformer architecture  

3. Computation/space cost 

4. Thinking about Transformer implementation 

Chapter goal ð getting very comfortable with nuances involved in Transformers. 
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Self-Attention 
Module
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Attention 

ÁCore idea: build a mechanism to ÆÏÃÕÓ ɉȰÁÔÔÅÎÄȱɊ onaparticular part of the context.

ÁHow  can this overcome the "long-range dependencies" problem in RNNs? By allow 
the model to ÄÉÒÅÃÔÌÙ ȰÌÏÏËȱ at all tokens and decide which one is useful.

[Attention Is All You Need, Vaswani et al. 2017]

https://arxiv.org/abs/1706.03762


7

Self -Attention 

ὼὼὼὼ

ὦὦὦὦ

ὼὼὼὼ

ὦὦὦὦ

Self-Attention Layer

Åὦ is obtained based on the 
whole input sequence. 

Å can be parallelly computed. 

Idea: replace any thing done by RNN with self-attention. 

RNN

Ȱ.ÅÕÒÁÌ ÍÁÃÈÉÎÅ ÔÒÁÎÓÌÁÔÉÏÎ ÂÙ ÊÏÉÎÔÌÙ ÌÅÁÒÎÉÎÇ ÔÏ ÁÌÉÇÎ ÁÎÄ ÔÒÁÎÓÌÁÔÅȱ Bahdanauetl. 2014; 
Ȱ!ÔÔÅÎÔÉÏÎ ÉÓ !ÌÌ 9ÏÕ .ÅÅÄȱ 6ÁÓ×ÁÎÉet al.2017
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RNN vs Transformer

ÁNotice that self-attention can ÄÉÒÅÃÔÌÙ ȰÌÏÏËȱ ÁÔ ÁÌÌ ÔÏËÅÎÓ ÁÎÄ ÄÅÃÉÄÅ ×ÈÉÃÈ ÏÎÅ ÉÓ ÕÓÅÆÕÌȢ
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Defining Self -Attention

ÁTerminology: 

o Query: to match others

o Key:to be matched  

o Value: information to be extracted

[Vaswani et al. 2017: https://arxiv.org/abs/1706.03762]

https://arxiv.org/abs/1706.03762
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Defining Self -Attention

[Vaswani et al. 2017: https://arxiv.org/abs/1706.03762]

!Î ÁÎÁÌÏÇÙ ȣȢ 

ÁTerminology: 

o Query: to match others

o Key:to be matched  

o Value: information to be extracted

https://arxiv.org/abs/1706.03762
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Defining Self -Attention

[Vaswani et al. 2017: https://arxiv.org/abs/1706.03762]

ÁTerminology: 

o Query: to match others

o Key:to be matched  

o Value: information to be extracted

https://arxiv.org/abs/1706.03762
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ή: query (to match others)

Ὧ: key(to be matched)

ὺ: value(information to be extracted)

ή ὼὡ

Ὧ ὼὡ

ὺ ὼὡ
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O O
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ή ὼὡ

Ὧ ὼὡ

ὺ ὼὡ



O
O

ὺ
O
O

Ὧ
O
O

ή

ὼ

O O

The cat sat           on

O
O

ὺ
O
O

Ὧ
O
O

ή

ὼ

O O

O
O

ὺ
O
O

Ὧ
O
O

ή

ὼ

O O

O
O

ὺ
O
O

Ὧ
O
O

ή

ὼ

O O

ή: query (to match others)

Ὧ: key(to be matched)

ὺ: value(information to be extracted)

14

ή ὼὡ

Ὧ ὼὡ

ὺ ὼὡ



O
O

ὺ
O
O

Ὧ
O
O

ή

ὼ

O O

The cat sat           on

O
O

ὺ
O
O

Ὧ
O
O

ή

ὼ

O O

O
O

ὺ
O
O

Ὧ
O
O

ή

ὼ

O O O O O

O
O

ὺ
O
O

Ὧ
O
O

ή

ὼ

O O O O O

ή: query (to match others)
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‌ȟ
ήɇὯ

ЍὨ

Scaled dot product
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How much 
ÓÈÏÕÌÄ Ȱ4ÈÅȱ 
attend to other 
positions? 
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How much 
ÓÈÏÕÌÄ Ȱ4ÈÅȱ 
attend to other 
positions? 

Softmax
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„ᾀ
ÅØÐᾀ

ВÅØÐᾀ
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Softmax

‌ȟ ‌ȟ ‌ȟ ‌ȟ

O O ὦ ‌ȟὺ
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Question

ÁWhat would be the output vector for 
the word ñThinkingò?

[Slide credit: DanqiChen]
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Self -Attention: Matrix Notation

Á Input sequence: ὀ ὼȟὼȟȣȢȟὼ ᶰᴙ

ÁCalculate:
╠ ὀἥ ᶰᴙ
╚ ὀἥ ᶰᴙ
╥ ὀἥ ᶰᴙ

ÁPairwise similarity matrix between 
queries and keys:  ╠╚ ᶰᴙ

ÁAttention output: 

!ÔÔÅÎÔÉÏÎὀ ÓÏÆÔÍÁØ
╠╚

Ὠ
╥ᶰᴙ
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Self -Attention: Matrix Notation

Á Input sequence: ὀ ὼȟὼȟȣȢȟὼ ᶰᴙ

ÁCalculate:
╠ ὀἥ ᶰᴙ
╚ ὀἥ ᶰᴙ
╥ ὀἥ ᶰᴙ

ÁPairwise similarity matrix between 
queries and keys:  ╠╚ ᶰᴙ

ÁAttention output: 

!ÔÔÅÎÔÉÏÎὀ ÓÏÆÔÍÁØ
╠╚

Ὠ
╥ᶰᴙ
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Why do we need Ὠ?  

ÁWithout Ὠ, the results of Ἕἕ can be very large.

ÁBy scaling down the dot product, the values fed into softmax remain in a reasonable 
range and it does not create any instability for training.

ÁA theoretical justification: we can easily prove that: 

o if each element of ╠and ╚are drawn independently from a ὔπȟ„ , then Ἕἕ
would have a variance Ὠ„ . 

o But ἝἕȾὨhas variance of „ . 

o This normalization ensures that the numbers given to softmax are not too dispersed. 

!ÔÔÅÎÔÉÏÎὀ ÓÏÆÔÍÁØ
Ἕἕ

Ὠ
ἤ
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Self -Attention: Thinking about batching 

ÁSuppose our data comes in batches of size ὦ, i.e., ὀɴ ᴙ

ÁSelf-attentionôs matrix form extends to this batched data. Letôs verify: 

ÁCalculate the keys, queries and values, per-batch:

╠ ὀἥ ᶰᴙ
╚ ὀἥ ᶰᴙ
╥ ὀἥ ᶰᴙ

ÁPairwise similarity matrix between queries and keys, per batch:  ╠╚ ᶰᴙ

ÁAttention output for the whole batched data: 

!ÔÔÅÎÔÉÏÎὀ ÓÏÆÔÍÁØ
Ἕἕ

Ὠ
ἤᶰᴙ
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Recap: Self -Attention

ÁAttention is a powerful mechanism to create context -aware representations

ÁA way to focus on select parts of the input

ÁBetter at maintaining long-distance dependencies in the context. 

ὼὼὼὼ

ὦ ὦ ὦ ὦ

Self-Attention Layer

[Attention Is All You Need, Vaswani et al. 2017]

https://arxiv.org/abs/1706.03762
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Multi -Headed Self -Attention

Á Issue: Each head has limited capacity, e.g., it cannot attend to too 
many things at the same time.  

ÁMain idea: Allows model to jointly attend to information from different 
representation subspaces (like ensembling).

ÁMultiple parallel attention layers. 

o Each attention layer has its own parameters. 

o Concatenate the results and run them 
through a linear projection. 

Self-Attention Layer
Self-Attention Layer

ὼὼὼὼ

[Attention Is All You Need, Vaswani et al. 2017]

https://arxiv.org/abs/1706.03762
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Multi -Headed Self -Attention

Á Just concatenate all the heads and apply an output projection.

ÈÅÁÄ !ÔÔÅÎÔÉÏÎὀἥ ȟὀἥ ȟὀἥ
-ÕÌÔÉ(ÅÁÄÅÄ!ÔÔÅÎÔÉÏÎὀ #ÏÎÃÁÔÈÅÁÄȟȣȟÈÅÁÄ╦

Á Previously, we used the following dimensions for single -head SA: 
ἥ ᶰᴙ ȟ ἥ ᶰᴙ ȟ ἥ ᶰᴙ ȟ

Á In practice, we use a reduced dimension for each head. 

ἥ ᶰᴙ ȟ ἥ ᶰᴙ ȟ ἥ ᶰᴙ ȟ ╦ ᶰᴙ

Á The total computational cost is similar to that of single -hear 

attention with full dimensionality. 

Ὤ: number of heads

Ὠ: feature dimension 
in output of SA
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Combine with FFN 

ÁAdd a feed-forward network to add more expressivity. 
o This applies another nonlinearity to the representations (or ñpost-processò them).

o Usually, the dimensionality of 
the hidden feedforward layer Ὠ
is 2-8 times larger than the 
input dimension Ὠ.

Feedforward Net

A fully-connected network 
of nodes and weights. 

&&.ὀ Ὢὀ╦ ὦ ╦ ╫

╦ ᶰᴙ ȟ
╦ ᶰᴙ

Multi-Headed 
Self-Attention Layer

O O O O O O

Feed Forward 
Network

O O O O O O
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How Do We Prevent Vanishing Gradients?

ÁResidual connectionslet the model ñskipò layers 
o These connections are particularly useful for 

training deep networks 

ÁUse layer normalization to stabilize the network 
and allow for proper gradient flow

[Attention Is All You Need, Vaswani et al. 2017]

https://arxiv.org/abs/1706.03762
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Putting it Together: Self -Attention Block

Given input ὀ:

ὀ -ÕÌÔÉ(ÅÁÄÅÄ!ÔÔÅÎÔÉÏÎὀȠἥ ȟἥ ȟἥ
ὀ ὒὥώὩὶὔέὶάὀ ●

ὀ &&.ὀ Ὢὀὡ ὦ ὡ ὦ
ÏÕÔὒὥώὩὶὔέὶάὀ ὀ

[Attention Is All You Need, Vaswani et al. 2017]

https://arxiv.org/abs/1706.03762
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Summary: Self -Attention Block  

ÁSelf -Attention: A critical building block of modern 
language models.

o The idea is to compose meanings of words weighted 
according some similarity notion. 

ÁNext: We will combine self-attention blocks to build 
various architectures known as Transformer.
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A Decoder-Only 
Transformer
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How Do We Make it Deep ? 

ÁStack more layers! 

[Attention Is All You Need, Vaswani et al. 2017]

https://arxiv.org/abs/1706.03762
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From Representations to Prediction

ÁTo perform prediction, add a classification head on top of 
the final layer of the transformer: ὀɴ ᴙ Ȣ

o Where ὲis the length of your sequence. 

ÁTo obtain logits, we can apply a linear transformation 
with token embedding matrix ἥἤᶰᴙ : 

ὀἥἤᶰᴙ

ÁTo obtain probabilities, run this through softmax: 
ÓÏÆÔÍÁØὀἥἤ ᶰᴙ

books
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One wrinkle: How does Transformer 
know about word ordering? é 
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Softmax

‌ȟ ‌ȟ ‌ȟ ‌ȟ

O O ὦ ‌ȟὺ /ÎÅ ÉÓÓÕÅȡ ÔÈÅ ÍÏÄÅÌ ÄÏÅÓÎȭÔ ËÎÏ× 
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Softmax

‌ȟ ‌ȟ ‌ȟ ‌ȟ

O O ὦ ‌ȟὺ

O O
ὴ

O O
ὴ

O O
ὴ

O O
ὴ

Allows model to learn 
about positions

ὴare positional 
embeddings

We will discuss 
various choices for 
these embedding!
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ὴare positional 
embeddings

Absolute Positional Embeddings 

ÁWhy ñaddò? Why not, say, ñconcatenate and then projectò? 

o ñconcatenate and then projectò would be a more general approach with more 
trainable parameters. 

o In practice, ñsumò works fine that 

o The intuition here is that ñsummingò forms point clouds of word embedding 
information around position embeddings unique to each position.

Allows model to learn 
about positions
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ÁThe idea is to create vectors that uniquely encoder each position. 

ÁFor example, consider vectors of binary values. 

o Example below shows 4-dimensional position encodings for 16 positions. 

https://kazemnejad.com/blog/transformer_architecture_positional_encoding/

Absolute Positional Embeddings 

Issues: Discrete numbers;  
the information is localized 

around a few bits; 
embedding depends on the 

number of positions  L
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Math Recap: Sine and Cosine Functions
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Absolute Positional Embeddings 

ÁLet ὸbe a desired position. Then the Ὥ-th element of the positional vector is: 

ÁHere Ὠis the maximum dimension of each positional vector. 

ÁThis provides unique vectors for each position. 

https://kazemnejad.com/blog/transformer_architecture_positional_encoding/
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Quiz

ÁLet ὸbe a desired position.

ÁQ: Are the frequencies increasing with dimension Ὥ? 

ÁAnswer: The frequencies are decreasing along the vector dimension. 

https://kazemnejad.com/blog/transformer_architecture_positional_encoding/
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Visualizing Absolute Positional Embeddings 

ÁHere positions range from 0-50, for an embedding dimension of 130.
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ὴare positional 
embeddings

Sine/Cosine encoding 

Notice, any pair of rows 
are different!
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Recapð positional encoding

ÁThey inform Transformer about word orderings. 

ÁThe original proposal: fixed sine/cosine embeddings added to word embeddings. 

o While this is a reasonable start, later we will see more sophisticated alternatives.

ÁNext: letôs think about running transformer on language data. 
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How does inference work?
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Imageby http://jalammar.github.io/illustrated-gpt2/

TRANSFORMER

Generating text via Transformer

And continue like 
that until we reach 
EOS or we get tired. 

Note that each token 
generation is a forward pass 
ςa lot of computations!! 

http://jalammar.github.io/illustrated-gpt2/
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ÁUsethe output of previousstepasinput to the nextsteprepeatedly

TRANSFORMER

the cat

Generating text via Transformer

sat
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ÁUsethe output of previousstepasinput to the nextsteprepeatedly

TRANSFORMER

the cat

Generating text via Transformer

sat

on

The probabilities get 
revised upon adding a 

new token to the input. 
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ÁUsethe output of previousstepasinput to the nextsteprepeatedly

TRANSFORMER

the cat

Generating text via Transformer

sat on

the

The probabilities get 
revised upon adding a 

new token to the input. 
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ÁUsethe output of previousstepasinput to the nextsteprepeatedly

TRANSFORMER

the cat

Generating text via Transformer

sat on the

mat

The probabilities get 
revised upon adding a 

new token to the input. 
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ÁUsethe output of previousstepasinput to the nextsteprepeatedly

TRANSFORMER

the cat

Generating text via Transformer

sat on the mat

</s>

The probabilities get 
revised upon adding a 

new token to the input. 



51

How does training work?
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Quiz 

ÁWhat do we optimize when we train a transformer? 

1. ὢand ή

2. ὡ and ὡ

3. Softmax function 

4. Sine/cos positional encodings 

5. The embedding matrix 

6. ὡ and ὡ in your FFN

7. ὡ

Answer: 2, 6, 7 and 5. 
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Train ing a Transformer L anguage Model

ÁGoal: Train a Transformer for language modeling (i.e., predicting the next word). 

ÁApproach: Train it so that each position is predictor of the next (right) token. 

o We just shift the input to right by one, and use as labels

cat sat on the mat </s>

TRANSFORMER

the cat sat on the matὢ

(gold output) ὣ

EOS special token

[Slide credit: Arman Cohan]
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Train ing a Transformer L anguage Model

ÁFor each position, compute their corresponding distribution over the whole vocab. 

cat sat on the mat </s>

TRANSFORMER

the cat sat on the matὢ

(gold output) ὣ
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Train ing a Transformer L anguage Model

ÁFor each position, compute the loss between the distribution and the gold output label. 

cat sat on the mat </s>

TRANSFORMER

the cat sat on the matὢ

(gold output) ὣ
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Train ing a Transformer L anguage Model

ÁSum the position-wise loss values to a obtain a global loss . 

cat sat on the mat </s>

TRANSFORMER

the cat sat on the matὢ

(gold output) ὣ

+ + + + +fl
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Train ing a Transformer L anguage Model

ÁUsing this loss, do Backprop and update the Transformer parameters.

cat sat on the mat </s>

TRANSFORMER

the cat sat on the matὢ

(gold output) ὣ

+ + + + +fl

flɳ

Well, this is not quite right 
Χ 

what is the problemwith this?



58

Train ing a Transformer L anguage Model
ÁThe model would solve the task by copying the next token to output (data leakage). 

o Does not learn anything useful

cat sat on the mat </s>

TRANSFORMER

the cat sat on the matὢ

(gold output) ὣ

+ + + + +fl

flɳ
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Train ing a Transformer L anguage Model

ÁWe need to prevent information leakage from future tokens! How?

cat sat on the mat </s>

TRANSFORMER

the cat sat on the matὢ

(gold output) ὣ

+ + + + +fl

flɳ
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Attention mask

What we haveWhat we want

Slide credit: Arman Cohan
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Attention mask

Attention mask

large negative numbers, 
which leads to softmax( Њ) π

Slide credit: Arman Cohan
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x

Attention mask

Attention mask

Note matrix operations is quite fast in GPUs. 
Slide credit: Arman Cohan

Element-wise 
product
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x =

Attention mask

Slide credit: Arman Cohan
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x

softmax

Attention mask
The effect is more than just pruning out some 

of the wirings in self -attention block.

Slide credit: Arman Cohan

This means that the query-3 can look 
at keys at positions {0, 1, 2, 3}.
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Attention masking: Why Before Softmax ? 

ÁWe applied attention masking before softmax. Why not after? 

ÁSoftmaxnormalizes the scores so that itôs a probability. Masking after softmax, would 
lead to an unnormalized probability distribution. 

Á In practice, I (Daniel) suspects applying mask after softmax may just work! J

x softmax

=
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Train ing a Transformer L anguage Model

ÁWeneedto prevent information leakagefrom future tokens! How?

cat sat on the mat </s>

TRANSFORMER

the cat sat on the matὢ

(gold output) ὣ

+ + + + +fl

flɳ
+ masking
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Quiz: attention masking

ÁWhatôs the point of attention masking during training? 
o A. speeds up training by reducing the number of computations performed.

o B. prevents accessing future tokens, ensuring that predictions are based only on 
past and present information.

o C. selectively highlights important tokens in the input, thereby enhancing 
attention mechanism.
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Summary: A Decoder -only Transformer

ÁThis is a very generic Transformer! 

ÁWe will implement this in HW5 to build a simple Transformer Language 
Model!! 

ÁWhat we saw was only a subset of the most general Transformer.

ÁNext: The full Transformer architecture



69

Transformer 
Architectural Variants  
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Encoder -Decoder Architectures 

Á It is useful to think of generative models as two sub -models.

Ƨ4ÈÅ ÃÁÔ ÓÁÔ ÏÎ ÔÈÅ [MASK]ƨ
Some 
model
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Encoder -Decoder Architectures 

Á It is useful to think of generative models as two sub -models.

Ƨ4ÈÅ ÃÁÔ ÓÁÔ ÏÎ ÔÈÅ [MASK]ƨ

E
nc

od
er

D
ec

od
er

Representation (compression) of the context

Produces the output sequence item by 

item using the representation of the 
context. 

Processes the context 

and compiles it into a 
vector.
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Enc-Dec work at inference time

ÁTransformer is two blocks 

o Encoder = read or encode the input
o Decoder = generates text 

Dec

cat

+ masking

Enc

the grayὢ chunky <bos>

sat
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Enc-Dec work at inference time

ÁTransformer is two blocks 

o Encoder = read or encode the input
o Decoder = generates text 

Dec

cat sat

+ masking

Enc

the grayὢ chunky <bos>

on
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Enc-Dec work at inference time

ÁTransformer is two blocks 

o Encoder = read or encode the input
o Decoder = generates text 

Dec

cat sat on

+ masking

Enc

the grayὢ chunky <bos>

the
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Enc-Dec work at inference time

ÁTransformer is two blocks 

o Encoder = read or encode the input
o Decoder = generates text 

Dec

cat sat on the

+ masking

Enc

the grayὢ chunky <bos>

mat



76

Enc-Dec work at inference time

ÁTransformer is two blocks 

o Encoder = read or encode the input
o Decoder = generates text 

Dec

cat sat on the mat

+ masking

Enc

the grayὢ chunky <bos>

<eos>
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Add & Norm

Add & Norm

Add & Norm

Multi-Head 
Self-

Attention

Add & Norm

Feed 
Forward

Masked 
Multi-Head 

Self-
Attention

Add & Norm

Feed 
Forward

Input 
Embedding

Output 
Embedding

Linear

Softmax

Multi-Head 
Cross-

Attention

ὼ ὼ ὼÅÅÅ ώ ώÅÅÅ

Output 

Probabilities 

(for ώ)

Encoder
Stack

Decoder
Stack

Generator
(prediction head)

Positional 

Encoding

Positional 

Encoding

Decoding 
Procedure

ώ

ὸ++

(shift right)

auto-regressive
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[Slide credit: CS886 at UWaterloo]

Transformer [Vaswani et al. 2017]
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Positional 

Encoding

Positional 

Encoding
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ὥὶὫάὥὼ
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Decoder
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[Slide credit: CS886 at UWaterloo]

Transformer [Vaswani et al. 2017]
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Decoder

Add & Norm

Add & Norm

Add & Norm

Multi-Head 
Self-

Attention

Add & Norm

Feed 
Forward

Masked 
Multi-Head 
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Output 

Probabilities 

(for ώ)
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ώ
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N

N
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[Slide credit: CS886 at UWaterloo]

Transformer [Vaswani et al. 2017]
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Positional 

Encoding
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N
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ώ
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Add & Norm
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Add & Norm
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Forward
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Multi-Head 
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ὼ ὼ ὼÅÅÅ ώ ώÅÅÅ

Output 

Probabilities 

(for ώ)

[Slide credit: CS886 at UWaterloo]

Transformer [Vaswani et al. 2017]
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How does training Enc -Dec work? 

ÁSame as what we did before for encoder-only models. 

sat on the mat </s>

Dec

cat sat on the mat

(gold output) ὣ

+ + + +fl

flɳ

+ masking

Enc

the grayὢ chunky <bos>
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Transformer [Vaswani et al. 2017]

ÁComputation of encoder attends to both sides.  

82
[Attention Is All You Need, Vaswani et al. 2017] Visualization: theEdgeAI.io

https://arxiv.org/abs/1706.03762
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Transformer [Vaswani et al. 2017]

ÁAt any step of decoder , it attends to previous 
computation of encoder as well as decoderôs 
own generations.

83
[Attention Is All You Need, Vaswani et al. 2017] Visualization: theEdgeAI.io

https://arxiv.org/abs/1706.03762
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Transformer [Vaswani et al. 2017]

ÁAt any step of decoder , it attends to previous 
computation of encoder.

84
[Attention Is All You Need, Vaswani et al. 2017] Visualization: theEdgeAI.io

https://arxiv.org/abs/1706.03762
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Quiz: Enc -Dec Connections 

ÁWhich best represents encoder-decoder connections? 

encoder

encoder

encoder

encoder

encoder 

encoder

decoder

decoder

decoder

decoder

decoder

decoder

encoder

encoder

encoder

encoder

encoder 

encoder

decoder

decoder

decoder

decoder

decoder

decoder

Incorrect Correct

ὸ

ὸ

ὸ

ὸ

ὸ

ὸ

ὸ

[Slide credit: CS886 at UWaterloo]
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Recap: Transformer

ÁYaaay we know Transformers now! 

ÁAn encoder-decoder architecture

Á3 forms of attention

86
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Considerations about 
computational cost 

in Transformers
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Diversion: Floating -point Ops: FLOPS

ÁFloating point operations per second (FLOPS, flops or flop/s) 

ÁEach FLOP can represent an addition, subtraction, multiplication, or division of 
floating-point numbers, 

ÁThe total FLOP of a model (e.g., Transformer) provides a basic approximation of 
computational costs associated with that model.
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FLOPS of Matrix Multiplication

ÁMatrix-vector multiplication are common in Self-Attention (e.g., QKV projection) 

o Requires ςάὲ(2 x matrix size) operations for multiplying ὃᶰᴙ and ὦᶰᴙ

o (2 because 1 for multiplication, 1 for addition)



90

Quiz: thinking about computations 

ÁConsider the following matrix multiplication: 
ὃὄȟ ×ÈÅÒÅὃᶰᴙ ȟὄᶰᴙ

ÁQuestion 1: Computing ὃὄinvolves how many arithmetic operations?

o (also referred to as floating -point operations or FLOPs)

ÁAnswer: Itôs /ὲ ά Ὧ. 

o (to be a bit more precise, itôs ςὲ ά Ὧsince each element in ὃὄ
requires almost equal num of multiplications and summations.) 

ÁQuestion 2: Computing ὃὄinvolves how many memory/IO access? 

ÁAnswer: Itôs ὲ ά(readingA) ά Ὧ(readingB) ὲ ά(writingAB). 
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Computations in Self -Attention Block

ÁWe are going to count computations and IO access in Transformer computations.

ÁNote we assume that the full input sequence is given at once (e.g., training time). 

ÁHere is the first step. Given: ὀɴ ᴙ ȟἥ ᶰᴙ

ÁLetôs think about the following computation: ὀἥ

ÁQ1: What is the number of arithmetic operations? ὕὦ ὲ Ὠ for each head 

ÁQ2: What about the number of IO? ὕὦ ὲ Ὠ Ὠ ὦ ὲ for each head 

ÁQ3: What are these quantities for all heads? 

o Number of arithmetic ops: ὕὦὲὨ

o Number of IO ops: ὕςὦὲὨὨ
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Computations in Self -Attention Block

Dimensions Operation Computations IO

ὀɴ ᴙ ȟἥ ᶰᴙ ὀἥ , ὀἥ , ὀἥ for ά heads ὕὦὲὨ ὕὨ ςὦὲὨ

╠░ȟ╚░ᶰᴙ
ὖᴺÓÏÆÔÍÁØ

╠░╚░

Ⱦ
for ά heads ὕὦὲὨ ὕςὦὲὨὦάὲ

╥ᶰᴙ , ὖᶰᴙ ÈÅÁÄNὖ╥ for ά heads ὕὦὲὨ ὕςὦὲὨὦάὲ

╦ ᶰᴙ ȟÈÅÁÄᶰᴙ ὣ #ÏÎÃÁÔÈÅÁÄȟȣȟÈÅÁÄ╦ ὕὦὲὨ ὕςὦὲὨὨ

ὣᶰᴙ ȟ╦ ᶰᴙ ȟ
╦ ᶰᴙ

ὣ 2Å,5ὣ╦ ╦ ὕρφὦὲὨ ὕςὦὲὨψὨ

--- Total ὕὦὲὨ ὦὲὨ ὕὦὲὨὦάὲ Ὠ

ὦ: batch size,

ὲ: sequence length,
ά: number of heads
Ὠ: feature dimension in output of SA

ὨȾά: feature dimension inside each SA head
Ὠ τὨ: feature dimension inside FFN

https://le.qun.ch/en/blog/2023/05/13/transformer-batching/

https://le.qun.ch/en/blog/2023/05/13/transformer-batching/
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The bottlenecks

ÁSo, in total, we have  

ÁThe quadratic terms are based on ὲand Ὠ

ÁὨis fixed (part of architecture) but ὲchanges with input. 

ÁBottlenecks #1: If ὲ(sequencelength)ḻὨfeaturedimension), the time and 
space complexity would be dominated by ὕὲ .

ÁHowever, these despite this quadratic dependence these are parallelizable 
operations which can be computed efficiently in GPUs. 

o In comparison, RNNs perform 
less arithmetic ops but theyôre 
not all parallelizable.  

ÁBottlenecks #2: Another potential 
bottleneck is how fast we can run IO. 
A good way to think about this is using òArithmetic Intensityò (more on this later) 

Computations IO

ὕὦὲὨ ὦὲὨ ὕὦὲὨὦάὲ Ὠ

[Vaswani et al. 2017]

ὦ: batch size,

ὲ: sequence length,
Ὠ: feature dimension in output of SA

https://arxiv.org/abs/1706.03762
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Recap

ÁTransformers computation of a full sequence is bounded by ὕὦὲὨ ὦὲὨ. 

o Generally, the quadratic term that depends on seq len ὲis more concerning.

ÁWe have not discussed yet how IO may impose other limits on this. (in a week)

ÁAlso, the above calculations is for a given sentences. 

o How bad is the computational complexity during the decoding time where we 
want to generate text one token at a time? 
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During decoding time, how slow 
is attention computation? 
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Self -Attention During Inference 

K
V

q

x

ὗ ὀἥ
ὑ ὀἥ
ὠ ὀἥ

!ÔÔÅÎÔÉÏÎὀ ÓÏÆÔÍÁØ
ὗὑ

ЍὨ
ὠ

[Slide credit: Arman Cohan]
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Self -Attention During Inference 

K

q

x

q: the next token

previous context

V

[Slide credit: Arman Cohan]

ὗ ὀἥ
ὑ ὀἥ
ὠ ὀἥ

!ÔÔÅÎÔÉÏÎὀ ÓÏÆÔÍÁØ
ὗὑ

ЍὨ
ὠ
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Self -Attention During Inference 

q

q: the next token

previous context

K = Wkx

The cat sat on the

V = Wvx

[Slide credit: Arman Cohan]

ὗ ὀἥ
ὑ ὀἥ
ὠ ὀἥ

!ÔÔÅÎÔÉÏÎὀ ÓÏÆÔÍÁØ
ὗὑ

ЍὨ
ὠ
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Self -Attention During Inference 

q

q: the next token

previous context

K = Wkx

The cat sat on the

V = Wvx

[Slide credit: Arman Cohan]

ὗ ὀἥ
ὑ ὀἥ
ὠ ὀἥ

!ÔÔÅÎÔÉÏÎὀ ÓÏÆÔÍÁØ
ὗὑ

ЍὨ
ὠ
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Self -Attention During Inference 

q

q: the next token

previous context

K = Wkx

The cat sat on the

V = Wvx

[Slide credit: Arman Cohan]

ὗ ὀἥ
ὑ ὀἥ
ὠ ὀἥ

!ÔÔÅÎÔÉÏÎὀ ÓÏÆÔÍÁØ
ὗὑ

ЍὨ
ὠ
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Self -Attention During Inference 

q

q: the next token

previous context

K = Wkx

The cat sat on the

V = Wvx

[Slide credit: Arman Cohan]

ὗ ὀἥ
ὑ ὀἥ
ὠ ὀἥ

!ÔÔÅÎÔÉÏÎὀ ÓÏÆÔÍÁØ
ὗὑ

ЍὨ
ὠ
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Self -Attention During Inference 

ÁWe are computing the Keys and Values many times! 

o Letôs reduce redundancy! 

q

q: the next token

previous context

K = Wkx

The cat sat on the

V = Wvx

[Slide credit: Arman Cohan]

ὗ ὀἥ
ὑ ὀἥ
ὠ ὀἥ

!ÔÔÅÎÔÉÏÎὀ ÓÏÆÔÍÁØ
ὗὑ

ЍὨ
ὠ
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KV-Cache for reducing inference redundancy 

ÁWe are computing the Keys and Values many times! 

o Letôs reduce redundancy! 

K Cached

q

q: the next token

previous context

V Cached

knew= Wkx[: , :Ī1]

The cat sat on the

vnew = Wvx[: , :Ī1]

[Slide credit: Arman Cohan]

ὗ ὀἥ
ὑ ὀἥ
ὠ ὀἥ

!ÔÔÅÎÔÉÏÎὀ ÓÏÆÔÍÁØ
ὗὑ

ЍὨ
ὠ
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ÁQuestion: How much memory does this KV-cache require?

o Letôs assume, embedding dimension is Ὠ, the length of the sequence seen so far 
is ὲȟand your model has ὒlayers.

1. ςὲὒ

2. ςὨὒ

3. ὲὨὒ

4. ςὲὨὒ

Quiz: KV -Cache 
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Recap

ÁTo avoid redundant computations during decoding time, KV-cache is used to keep 
track of previous calculations of keys and values.

ÁBut how exactly how costly are these computations? 
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Decoding Computations

Dimensions Operation Computations IO

ὀɴ ᴙ ȟἥ ᶰᴙ ὀἥ , ὀἥ , ὀἥ for ά heads ὕὦὨ ὕὨ ςὦὨ

╠░ȟ╚░ᶰᴙ + KV-cache ὖᴺÓÏÆÔÍÁØ
╠░╚░

Ⱦ
for ά heads ὕὦὲὨ ὕὦὲάὦὲὨὦὨ

╥ᶰᴙ , ὖᶰᴙ ÈÅÁÄNὖ╥ for ά heads ὕὦὲὨ ὕὦὲάὦὲὨὦὨ

╦ ᶰᴙ ȟÈÅÁÄᶰᴙ ὣ #ÏÎÃÁÔÈÅÁÄȟȣȟÈÅÁÄ╦ ὕὦὨ ὕςὦὨὨ

ὣᶰᴙ ȟ╦ ᶰᴙ ȟ
╦ ᶰᴙ

ὣ 2Å,5ὣ╦ ╦ ὕρφὦὨ ὕςὦὨψὨ

--- Total ὕὦὨ ὦὲὨ ὕὦάὲὦὲὨὨ

ὦ: batch size,

ὲ: sequence length thus far,
ά: number of heads
Ὠ: feature dimension in output of SA

Ὠ τὨ: feature dimension inside FFN

https://le.qun.ch/en/blog/2023/05/13/transformer-batching/

Notice weôre doing this 
computations for one token

Query/key computations get 
combined with KV-cache

Compared to the previous table (SA for a seq of length ὲ), all the 
cells have one less dependence on ὲ(e.g., ὲ ᴼὲor ὲᴼρ). 

Now the computations (of next token) 
has linear dependence on seq length. 

https://le.qun.ch/en/blog/2023/05/13/transformer-batching/
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Recap: complexity of decoding text 

ÁTransformers computation for generating each word is ὕὦὨ ὦὲὨ. 

ÁRemember the complexity of processing a full sequence of length: ὕὦὲὨ ὦὲὨ. 
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Quiz: Enc -Dec inference cost 

ÁSuppose weôre using an Enc-Dec model for summarization task. Input are long 
passages with length m and the expected (summary length is n). The computational 
complexity of this operation is:

o ὕὲ ὕά

o ὕὲ ὕά ὕὲά

o ὕὲ ὕά ὕὲά

o ὕὲ ὕά

[Slide: John Canny]

No, self attention is all -to-all 
and so quadratic.
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Quiz: Enc -Dec inference cost 

ÁSuppose weôre using an Enc-Dec model for summarization task. Input are long 
passages with length m and the expected (summary length is n). The computational 
complexity of this operation is:

o ὕὲ ὕά

o ὕὲ ὕά ὕὲά

o ὕὲ ὕά ὕὲά

o ὕὲ ὕά

No, self attention is all -to-all 
and so quadratic in άand ὲ.
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Quiz: Enc -Dec inference cost 

ÁSuppose weôre using an Enc-Dec model for summarization task. Input are long 
passages with length m and the expected (summary length is n). The computational 
complexity of this operation is:

o ὕὲ ὕά

o ὕὲ ὕά ὕὲά

o ὕὲ ὕά ὕὲά

o ὕὲ ὕά
No, cross attention is missing. 
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Quiz: Enc -Dec inference cost 

ÁSuppose weôre using an Enc-Dec model for summarization task. Input are long 
passages with length m and the expected (summary length is n). The computational 
complexity of this operation is:

o ὕὲ ὕά

o ὕὲ ὕά ὕὲά

o ὕὲ ὕά ὕὲά

o ὕὲ ὕά

Yes. The three terms are respectively the Encoder 
self-attention, Decoder self-attention, and Cross 
attention.

Though a more accurate term is: ὕὲὨ ὲὨ άὨ άὨ ὲάὨ
with Ὠdenoting the model embedding dimension. 
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Summary: Computational Complexity of 
Transformers 

ÁProcess a sequence at once: Computation is bounded by ὕὲ . 

ÁProcessing one token at a time during inference: 

o KV-Cache: To avoid redundant computations during decoding time, KV-cache is 
used to keep track of previous calculations of keys and values.

o The computation is bounded by ὕὲ. 

ÁThough in all cases, the computations are penalizable (modulo Transformer layers). 

Á IO bottlenecks: we will get to this (next chapter).
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Writing our own 

Transformer



114

Clone Helper Function 

ÁCreate N copies of pytorch nn.Module

ÁThe Transformerôs structure contains a lot of design repetition (like VGG)

ÁRemember these clones shouldnôt share parameters (for the most part)

[Slide credit: CS886 at UWaterloo]
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Create Embedding 

ÁCreate vector representation of sequence vocabulary

Ánn.Embedding creates a lookup table to map sequence vocabulary to unique vectors

[Slide credit: CS886 at UWaterloo]
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Positional Encoding

ÁAdd information about an 
elementôs position in a sequence 
to its representation

ÁElement wise addition of 
sinusoidal encoding

Positional 

Encoding

[Slide credit: CS886 at UWaterloo]



117

Attention block

[Slide credit: CS886 at UWaterloo]

ρὩωis a large negative number, 
which leads to softmax(-1e9) π
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Multi -Head Attention

[Slide credit: CS886 at UWaterloo]
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FeedForward Layer 

[Slide credit: CS886 at UWaterloo]
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Sublayer Connections

[Slide credit: CS886 at UWaterloo]
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Encoder Layer 

[Slide credit: CS886 at UWaterloo]
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Decoder Layer 

ÁSame as encoder layers other than:

o the additional multi -head attention block to preform 
cross-attention with the output representation from the encoder

[Slide credit: CS886 at UWaterloo]
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The Prediction Head 

ÁA final linear mapping

ÁApply softmax to convert logits to probabilities

[Slide credit: CS886 at UWaterloo]
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Build each block

[Slide credit: CS886 at UWaterloo]
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Putting 
it Together

[Slide credit: CS886 at UWaterloo]
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Initialize 
the model

[Slide credit: CS886 at UWaterloo]


